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For three–dimensional N = 4 super Chern–Simons–matter theories associated to necklace quivers
U(N0) × U(N1) × · · ·U(N2r−1), we study at quantum level the two kinds of 1/2 BPS Wilson loop
operators recently introduced in arXiv:1506.07614. We perform a two–loop evaluation and find the
same result for the two kinds of operators, so moving to higher loops a possible quantum uplift
of the classical degeneracy. We also compute the 1/4 BPS bosonic Wilson loop and discuss the
quantum version of the cohomological equivalence between fermionic and bosonic Wilson loops. We
compare the perturbative result with the Matrix Model prediction and find perfect matching, after
identification and remotion of a suitable framing factor. Finally, we discuss the potential appearance
of three–loop contributions that might break the classical degeneracy and briefly analyse possible
implications on the BPS nature of these operators.
PACS numbers: 11.25.Hf, 11.30.Pb, 11.15.Yc, 11.10.Kk
I. INTRODUCTION
One of the most interesting classes of observables in
supersymmetric gauge theories is constitued by BPS
Wilson loops [1, 2]. They provide an exciting arena
where exact computations can be performed through lo-
calization techniques [3], so interpolating non-trivially
between weak and strong coupling regimes.
The first and most famous example is the 1/2 BPS
circular Wilson loop, originally constructed in N = 4
super Yang-Mills theory. It is calculated by a simple
Gaussian matrix model and reproduced at strong cou-
pling through the AdS/CFT correspondence [1, 2]. The
original proposal has been generalized to less supersym-
metric loops [4] and in theories with N = 2 supersym-
metry [3]. In all these constructions the key point is
to improve the holonomy of the gauge connection by
coupling some of the scalar fields to the appropriate
contours. The resulting operators are BPS and their
expectation values can be computed by adding a suit-
able Q-exact term to the classical action, so that the
relevant path-integral is semiclassically exact [3].
In three dimensions the story is a little bit different.
N = 2 Chern-Simons theories still possess circular 1/2
BPS Wilson loops obtained through scalar couplings,
which are calculated by localization techniques [5]. Go-
ing to more supersymmetric theories, as the N = 6
ABJ(M) model, the construction of 1/2 BPS operators
has to be refined [6] (see also [7] for a generalization
to other contours). In fact, scalar couplings only pro-
vide 1/6 BPSWilson loops and fermionic couplings have
to be invoked to enhance supersymmetry. More sur-
prisingly, 1/2 BPS Wilson loops in ABJ(M) theory are
seen equivalent to a linear combination of 1/6 BPS ones
[6, 8]. In fact, they belong to the same cohomology class
of the localizing supercharge and thus, up to framing
anomalies, they are the same observable at quantum
level. This phenomenon is a three-dimensional novelty,
that has been checked concretely in perturbation the-
ory [13, 14] and certainly needs a more profound inves-
tigation. Recently, the construction of 1/2 BPS Wilson
loops has been presented [9, 10] in N = 4 quiver Chern-
Simons theories [11, 12]. In the case of circular and
linear quivers with non-vanishing CS levels, two appar-
ently independent 1/2 BPS circular loops emerge, which
share the same supersymmetry and belong to the same
cohomology class of the familiar bosonic 1/4 Wilson
loop operator. These properties have been derived at
classical level and should be checked against truly quan-
tum computations, where divergences and/or anomalies
could arise, possibly lifting the classical degeneracy.
In this paper we perform explicitly a perturbative
computation of the two fermionic Wilson loops at sec-
ond order in the coupling constant, finding perfect con-
sistency with the classical picture and no lifting of the
quantum expectation value. At the same order we check
the matrix model result obtained from the localization
procedure and, consequently, confirm the cohomologi-
cal equivalence with the 1/4 BPS loop. The plan of our
Letter is the following. In Section II we briefly recall
the construction of the Wilson loop operators in N = 4
circular Chern-Simons quivers. Section III is devoted to
the perturbative computation of the expectation value
of the relevant Wilson loop operators. In Section IV we
check their cohomological equivalence at quantum level.
Matrix model results are explictly seen to be consistent
with our quantum calculations in Section V. A critical
analysis of the degeneracy problem is presented in Sec-
tion VI, where we discuss the potential appearance of
higher–order contributions that might turn out to be
different for the two fermionic Wilson loops.
2II. CIRCULAR BPS WILSON LOOPS IN N = 4
CS–MATTER THEORIES
We consider a Chern–Simons–matter theory associ-
ated to a circular quiver with gauge group U(N0) ×
U(N1) × · · ·U(N2r−1) (N2r ≡ N0). Besides the
gauge sector containing vectors Aµ(A) in the adjoint
representation of the group U(NA), the theory con-
tains matter scalars (qI(2A+1))
j
jˆ
((q¯(2A+1)I)
jˆ
j) in the
(anti)bifundamental representation of the U(N2A+1),
U(N2A+2) nodes (indices j and jˆ, respectively)
and in the fundamental of the R-symmetry SU(2)L
(I = 1, 2), twisted scalars (qIˆ(2A))
jˆ
j ((q¯(2A)Iˆ)
j
jˆ
) in
the (anti)bifundamental representation of U(N2A),
U(N2A+1) nodes and in the fundamental of the R-
symmetry SU(2)R (Iˆ = 1, 2), plus the correspond-
ing fermions (ψ(2A+1)Iˆ)
j
jˆ
((ψ¯Iˆ(2A+1))
jˆ
j) and (ψ(2A)I)
jˆ
j
((ψ¯I(2A))
j
jˆ
), respectively.
In three–dimensional euclidean space the classical ac-
tion reads
S =
2r−1∑
A=0
(
S
(A)
CS + S
(A)
mat
)
+ Spot + Sgf (1)
where
S
(A)
CS = −
i
2
kA
∫
d3x εµνρTr
(
A(A)µ∂νA(A)ρ (2)
+
2
3
iA(A)µA(A)νA(A)ρ
)
S
(A)
mat =
∫
d3xTr
[
Dµq(A)D
µq¯(A) + i ψ¯(A)γ
µDµψ(A)
]
while Sgf is the gauge–fixing plus ghost action and Spot
the matter interaction action, whose explicit expression
can be found for instance in [18]. This part of the action
does not enter two–loop diagrams, so we will ignore it
in the rest of the paper.
N = 4 supersymmetry requires the CS levels to sat-
isfy
kA =
k
2
(sA − sA−1), sA = ±1, k > 0 (3)
We will consider the case sA = (−1)A+1, which leads to
alternating ∓k levels.
In [9, 10] Wilson loop operators (WL) have been in-
troduced that are classically BPS. These are defined
locally for each site of the quiver and involve at most
three adjacent nodes. Therefore, restricting for sim-
plicity to node U(N1) and its nearest–neighbour U(N0)
and U(N2) we will consider the following loop operators
integrated on the unit circle Γ (xµ = (cos τ, sin τ, 0),
τ ∈ [0, 2π]):
Fermionic 1/2 BPS ψ1–Wilson loop. When referred to
node U(N1) it is defined as [10]
Wψ1 [Γ] =
1
N1 +N2
TrP exp
(
−i
∫
Γ
dτLψ1F (τ)
)
(4)
where
Lψ1F =
(
A(1) c¯αψ
α
(1)1ˆ
cαψ¯1ˆ(1)α A(2)
)
(5)
A(1) = x˙
µA(1)µ −
i
k
(
qI(1)δ
J
I q¯(1)J + q¯(0)Iˆ(σ3)
Iˆ
Jˆ
qJˆ(0)
)
A(2) = x˙
µA(2)µ −
i
k
(
q¯(1)Iδ
I
J q
J
(1) + q
Iˆ
(2)(σ3)
Jˆ
Iˆ
q¯(2) Jˆ
)
and the commuting spinors c, c¯ are (with CC¯ = − ik )
c(τ) = C(cos τ2 − sin
τ
2 , cos
τ
2 + sin
τ
2 )
c¯(τ) = C¯
(
cos τ2 − sin
τ
2
cos τ2 + sin
τ
2
)
(6)
Fermionic 1/2 BPS ψ2–Wilson loop. This loop opera-
tor is defined as [10]
Wψ2 [Γ] =
1
N1 +N2
TrP exp
(
−i
∫
Γ
dτLψ2F (τ)
)
(7)
where
Lψ2F =
(
A(1) c¯αψ
α
(1)2ˆ
cαψ¯2ˆ(1)α A(2)
)
(8)
A(1) = x˙
µA(1)µ −
i
k
(
−qI(1)δ
J
I q¯(1)J + q¯(0)Iˆ(σ3)
Iˆ
Jˆ
qJˆ(0)
)
A(2) = x˙
µA(2)µ −
i
k
(
−q¯(1)Iδ
I
J q
J
(1) + q
Iˆ
(2)(σ3)
Jˆ
Iˆ
q¯(2) Jˆ
)
and the commuting spinors c, c¯ given by (with CC¯ = ik )
c(τ) = −C(cos τ2 + sin
τ
2 ,− cos
τ
2 + sin
τ
2 )
c¯(τ) = C¯
(
cos τ2 + sin
τ
2
− cos τ2 + sin
τ
2
)
(9)
This loop differs from the previous one for the replace-
ment of the identity matrix with minus the identity ma-
trix in the scalar couplings, the replacement ψ1ˆ(1) → ψ
2ˆ
(1)
in the off–diagonal elements and the choice of different
fermion couplings.
Bosonic 1/4 BPS Wilson loop. We will be also inter-
ested in bosonic loop operators that respect 1/4 of the
original supersymmetries [9, 10]. For sites N1 and N2
they are
W (1)[Γ] =
1
N1
TrP exp
(
−i
∫
Γ
dτL
(1)
B (τ)
)
W (2)[Γ] =
1
N2
TrP exp
(
−i
∫
Γ
dτL
(2)
B (τ)
)
(10)
where
L
(1)
B = x˙
µA(1)µ −
i
k
(
q¯(0)Iˆ(σ3)
Iˆ
Jˆ
qJˆ(0) + q
I
(1)(σ3)
J
I q¯(1) J
)
L
(2)
B = x˙
µA(2)µ −
i
k
(
q¯(1)I(σ3)
I
Jq
J
(1) + q
Iˆ
(2)(σ3)
Jˆ
Iˆ
q¯(2) Jˆ
)
As proved in [9, 10] the fermionic Wilson loops are
classically equivalent to the bosonic ones,
Wψi =
N1W
(1) +N2W
(2)
N1 +N2
+QVψi i = 1, 2 (11)
3up to a Q-term, where Q is some linear combination of
supercharges. If this cohomogical equivalence survives
at quantum level, localization techniques applied to the
bosonic Wilson loops provide an all–order prediction
also for the fermionic operators. For the ABJM orbifold
case (Ni ≡ N for any i) the corresponding matrix model
has been computed in [17].
III. TWO–LOOP EVALUATION
In this Section, we present the results for the circu-
lar 1/2 BPS and 1/4 BPS WL up to two loops. The
computation, that requires regularizing UV divergences
and evaluating intricate trigonometric integrals, heavily
relies on the techniques introduced in [13, 14] to which
we refer for details.
We use dimensional regularization with dimensional
reduction (DRED) to control potentially divergent in-
tegrals. They generally converge in the complex half–
plane defined by some critical value of the real part of
the regularization parameter ǫ. Using techniques de-
scribed in [13], they can be computed analytically for
any complex value of ǫ and turn out to be expressible in
terms of hypergeometric functions. Their actual value
for ǫ→ 0 can be then obtained by analytically continu-
ing the hypergeometric functions close to the origin and
expanding the result up to finite terms.
At one–loop we have only two contributions associ-
ated with the exchange of one gluon and one fermion
line, respectively. The vector exchange vanishes because
of the planarity of the circular contour that gets con-
tracted with the Levi–Civita tensor. The contribution
from the fermion exchange is proportional to
∫ 2π
0
dτ1
∫ τ1
0
dτ2
(c1γ
µc¯2) (x1 − x2)µ
[(x1 − x2)2]
3
2
−ǫ (12)
Choosing the set of euclidean gamma matrices γµ =
{σ3, σ1, σ2}, and taking into account the explicit ex-
pression of fermion couplings (6) we can write
(ciγ
µc¯j)(xi − xj)µ = −
4i
k sin
τ1−τ2
2 (13)
Therefore, the integral becomes
∫
dτ1>2
1
[sin2 τ122 ]
1−ǫ =
2π3/2Γ
(
− 12 + ǫ
)
Γ (ǫ)
(14)
and this expression vanishes in 3d. Therefore, we do
not have any one–loop contribution to Wψ1 .
We then move to two loops. Contributions that are
not trivially vanishing for planarity of the contour are
associated to the diagrams in Fig. 1. We list the results
for each single diagram, while for details we refer the
reader to [13, 14].
Diagram (a) - It comes from the gauge part of the third
order expansion of the WL contracted with the gauge
cubic vertex. Summing the contributions from the two
(a) (b) (c)
(d) (e) (f)
FIG. 1. Non-vanishing two–loop diagrams for ψ1 and ψ2
loops. Wavy lines represent gauge propagators, solid lines
represent scalars, and dashed lines are fermion propagators.
Bubbles represent one–loop corrections to the propagators,
as given in Appendix.
connections A(1) and A(2), we have
(a)ψ1 = −
N1(N
2
1 − 1) +N2(N
2
2 − 1)
N1 +N2
1
k2
Γ3(32 − ǫ)
8π
9
2
−3ǫ I
(a)
(15)
where
I(a) =
∫
dτ1>2>3 x˙
σ
1 x˙
η
2 x˙
ζ
3 ε
ξτκεσξµεητνεζκρ ×∫
d3−2ǫx
(x− x1)
µ(x− x2)
ν(x− x3)
ρ
|x− x1|3−2ǫ|x− x2|3−2ǫ|x− x3|3−2ǫ
(16)
This integral, being finite, can be computed at ǫ = 0
and eventually gives I(a) = 83π
3 [13, 15]. The final
result is then
(a)ψ1 = −
1
24
N21 +N
2
2 −N1N2 − 1
k2
(17)
Diagrams (b) + (c) - Summing the two contributions
we obtain
[(b) + (c)]ψ1 = (18)
N21 (N0 +N2) +N
2
2 (N1 +N3)
N1 +N2
1
k2
Γ2(12 − ǫ)
8π3−2ǫ
I(b+c)
where [15]
I(b+c) =
∫
dτ1>2
−x˙1 · x˙2 + |x˙1||x˙2|
[(x1 − x2)2]1−2ǫ
−→
ǫ→0
π2 (19)
We then obtain
[(b) + (c)]ψ1 =
N21 (N0 +N2) +N
2
2 (N1 +N3)
N1 +N2
1
8k2
(20)
Diagram (d) - This contribution is proportional to the
exchange of a one–loop fermion propagator. Using its
explicit expression given in [13] we obtain
(d)ψ1 ∼
∫
dτ1>2
|x˙1||x˙2|
[(x1 − x2)2]1−2ǫ
[(c1c¯2)− (c2c¯1)]
(21)
4where we indicate ci ≡ c(τi) on the circle. As follows
from eq. (6) we have
(cic¯j) = −
2i
k cos
τi−τj
2 (22)
so that diagram (d) vanishes identically.
Diagram (e) - Expanding the ψ1–loop at forth order and
performing the two possible contractions of fermions we
obtain a linear combination of terms of the form
Γ2(32 − ǫ)
4π3−2ǫ
∫
dτ1>..>4
(ciγ
µc¯j)(ckγ
ν c¯l)(xi − xj)µ(xk − xl)ν
[(xi − xj)2(xk − xl)2]
3
2
−ǫ
(23)
This expression can be easily elaborated by using iden-
tity (13) twice. The contour integrals we are left with
are divergent. They can be evaluated away from ǫ = 0
and suitably continued close to the origin (see [13] for
details). The result is
(e)ψ1 =
3
8
N1N2
k2
(24)
Diagram (f) - Expanding Wψ1 at third order and con-
tracting with one mixed vertex ψ¯ψA coming from the
action, we obtain the linear combination of six integrals
of the form
1
k
Γ3(12 − ǫ)
64π
9
2
−3ǫ
∫
dτ1>2>3(c¯iγ
ξγµγσcj) x˙
ν
k ε
ρ
νµ Γρξσ (25)
where the labels i, j, k run over 1, 2, 3 and
Γµνρ = ∂µk ∂
ν
i ∂
ρ
j
∫
d3x
[(x− x1)2(x − x2)2(x− x3)2]
1
2
−ǫ
The spinorial structure appearing in (25) can be sim-
plified by using standard identities for the product of
three Pauli matrices. It is easy to prove that, because
of the planarity of the contour the only non–vanishing
contributions we are left with are proportional to the bi-
linears (cic¯j) and (ciγ
3c¯j). Using identity (22) together
with
(ciγ
3c¯j) =
2
k sin
τ1−τ2
2 , (26)
computing the corresponding color factors and evaluat-
ing the integrals using the procedure described in [13]
we finally obtain
(f)ψ1 = −
1
2
N1N2
k2
(27)
Summing all the contributions the two–loop result for
the ψ1–loop is
〈Wψ1 [Γ]〉|2loop = (28)
1−
1
24k2
[
(N21 +N
2
2 −N1N2 − 1)− 3
N0N
2
1 +N3N
2
2
N1 +N2
]
We now consider the Wilson loop Wψ2 defined in
(8, 9). Its perturbative evaluation can be easily per-
formed by exploiting the previous results, where we
should take into account that the ψ2–loop has slightly
different scalar couplings in the A–terms and different
fermionic couplings c, c¯. The fact that the ψ(1)2ˆ fermion
replaces ψ(1)1ˆ does not make much difference, as the
tree–level propagator for the two fermionic components
is the same.
At one loop, the fermion exchange diagram (see equa-
tion (12)) involves the bilinear (ciγ
µc¯j)(xi−xj)µ. Com-
puting it with the assignment (9), we obtain the same
result (13) up to an overall sign. However, since the
diagram is still proportional to integral (14), the ψ2–
loop contribution at one loop also vanishes in the ǫ→ 0
limit.
At two loops, non–vanishing contributions are still
given in Fig. 1. It is easy to argue that the first
three bosonic diagrams give the same result as Wψ1 .
In fact, diagram (a) and (b) involve only gauge fields,
so they are insensitive to changes in matter couplings.
In diagram (c) the matrices (I and σ3) governing the
scalar couplings enter quadratically, so that the sign
difference between the two WL definitions does not af-
fect the calculation. Changes in the calculation might
be expected from diagrams containing fermions, since
a different set of fermionic couplings may give rise to
different expressions for the fermionic bilinears (cic¯j)
and (ciγ
µc¯j). However, the contribution from diagram
(d) is still proportional to expression (21) and vanishes
since, as before, (c1c¯2) = (c2c¯1), as follows immediately
from (9). In diagram (e) the double fermion contrac-
tions read again as in eq. (23), which involves the bi-
linear (ciγ
µc¯j)(xi − xj)µ. As we already mentioned,
this bilinear has an overall sign compared to the cor-
responding expression for Wψ1 . However, in (23) the
product of two such expressions appears, so that the
final result is the same as for Wψ1 . Finally, diagram (f)
only involves minimal coupling of fermions to the gauge
vectors, which is identical for ψ(1)1ˆ and ψ(1)2ˆ. There-
fore the evaluation of the integrals still depends on the
spinorial bilinears (cic¯j) and (ciγ
3c¯j). Using (9), these
can be quickly shown to be identical to the ones for the
ψ1–loop. Here it is crucial that, due to the planarity of
the contour, only the bilinear (ciγ
µc¯j) with µ = 3 en-
ters the calculation. If this were not the case, we would
obtain a different result, since for the bilinears along
the directions µ = 1, 2 where the circular contour lies
there is a sign difference between the two WL.
Summarizing, we find that
〈Wψ1 [Γ]〉|2loop = 〈Wψ2 [Γ]〉|2loop (29)
Therefore, up to this order, there is no quantum uplift
of the degeneracy between the two fermionic WL.
Exploiting the previous calculation, it is also imme-
diate to determine the 1/4 bosonic WLs (10). Again,
there is no one–loop contribution, while the two–loop
ones are given by the first three diagrams in Fig. 1.
With suitable adjustments we find (A = 1, 2)
〈W (A)〉 = 1−
1
24k2
[
N2A − 3NA−1NA − 3NANA+1 − 1
]
(30)
5Note that, under identification N0 = N2 and N3 = N1,
our results (28, 30) coincide with the two–loop expres-
sions for the 1/2 and 1/6 Wilson loops in ABJ, re-
spectively [6, 13–15]. Moreover, in the orbifold ABJM
[U(N)× U(N)]r (NA = N for all the nodes) the result
becomes
〈Wψ1〉
∣∣∣
2loop
= 〈Wψ2〉
∣∣∣
2loop
(31)
= 1 +
1
24k2
(
2N2 + 1
)
∼
1
12
(
N
k
)2
〈W (1,2)〉|2loop = 1 +
1
24k2
(
5N2 + 1
)
∼
5
24
(
N
k
)2
IV. COHOMOLOGICAL EQUIVALENCE AT
QUANTUM LEVEL
It is easy to generalize the results (28) to a generic A
site (A = 0, · · · , 2r − 1) and write
〈W
(A)
ψi
〉|i=1,2 = 1−
1
24k2
[
N2A +N
2
A+1 −NANA+1 − 1
−3
NA−1N2A +NA+2N
2
A+1
NA +NA+1
]
+ · · · (32)
Similarly, generalizing result (30), for bosonic WL re-
lated to the A site we have
〈W (A)〉 = 1− (33)
1
24k2
[
N2A − 3NA−1NA − 3NANA+1 − 1
]
+ · · ·
Exploiting these results it is interesting to understand
how the classical cohomological equivalence (11) gets
enhanced at quantum level. In fact, comparing the pre-
vious expressions one can easily realize that the follow-
ing identity holds
〈W
(A)
ψi
〉0 = e
−i ℓA
2k
(NA−NA+1) × (34)
NA e
i
ℓA
2k
NA〈W (A)〉0 +NA+1 e−i
ℓA
2k
NA+1〈W (A+1)〉0
NA +NA+1
where ℓA = (−1)A+1 and the subscript “0” means per-
turbative result (framing zero). Therefore, if we define
“framing–one” quantities
〈W
(A)
ψi
〉1 = e
i
ℓA
2k
(NA−NA+1) 〈W
(A)
ψi
〉0 j = 1, 2
〈W (A)〉1 = e
−i ℓA
2k
NA〈W (A)〉0 (35)
the previous identity can be rewritten as
〈W
(A)
ψi
〉1 =
NA〈W
(A)〉1 +NA+1〈W
(A+1)〉1
NA +NA+1
(36)
and looks exactly like the classical relation (11).
V. MATRIX MODEL RESULT AT WEAK
COUPLING
We now discuss the matrix model for the necklace
quiver theory described in Section II. The putative ma-
trix integral, which yields the partition function, can be
easily obtained by combining the basic building blocks
given in [5]. We find [16]
Z=N
∫ ∏
B,i
dλBie
2ikℓBλ
2
Bi
2r−1∏
B=0
∏
i<j sinh
2 (λBi − λBj)∏
i,j cosh (λBi − λB+1,j)
(37)
The constant N is an overall normalization, whose ex-
plicit form is irrelevant in our computation.
In the matrix model language the 1/2 BPS Wilson
loop is not a fundamental object, as it can be computed
from the 1/4 BPS Wilson loop through the cohomologi-
cal relation (36). Therefore we focus on the latter. It is
given by the vacuum expectation value of the following
matrix observable
W (A)=
1
NA
NA∑
i=1
e2λAi = 1+
2
NA
Tr(ΛA)+
2
NA
Tr(Λ2A)+
+
4
3NA
Tr(Λ3A) +
2
3NA
Tr(Λ4A) +O
(
Λ5A
)
(38)
where we have introduced the diagonal matrix ΛA ≡
diag(λA1, · · · , λANA) for future convenience. In the
r.h.s. of (38) we can actually neglect all the odd powers
in ΛA since their expectation value vanishes at all order
in 1k due to the symmetry property of the integrand in
(37) under the parity transformation λAi → −λAi.
In order to construct the perturbative series forW (A),
first we rescale the eigenvalues λAi with
1√
k
. Therefore,
the measure factor for large k reads
2r−1∏
B=0
∏
i<j sinh
2 λBi−λBj√
k∏
i,j cosh
λBi−λB+1,j√
k
= (39)
[
1 +
1
k
2r−1∑
B=0
PB +O
(
1
k2
)] 2r−1∏
B=0
∏
i<j
(λBi − λBj)2
k
where
PB ≡
1
3
(NBTr(Λ
2
B)− Tr(ΛB)
2)−
1
2
(NB+1Tr(Λ
2
B)+
+NBTr(Λ
2
B+1)−2Tr(ΛB)Tr(ΛB+1)). (40)
Since we shall write the final result as a combination
of vacuum expectation values in the Gaussian matrix
model, we have chosen to use the usual Vandermonde
determinant as the reference measure. Moreover we
have not explicitly written 1k2 terms since they do not
affect the final result. In fact, they cancel out with the
normalization provided by the partition function.
With the help of the expansion (39), it is straightfor-
ward to write down the expectation value of the Wilson
6loop W (A) in terms of PB and ΛA. We find
〈W (A)〉 = 1+
2
NAk
〈Tr(Λ2A)〉+
1
NAk2
[
2
3
〈Tr(Λ4A)〉+
+2
2r−1∑
B=0
[
〈Tr(Λ2A)PB〉 − 〈Tr(Λ
2
A)〉〈PB〉
]]
+O
(
1
k3
)
,
(41)
where all the expectation values in the r.h.s. of eq.
(41) are taken in Gaussian matrix model of coupling
constant (−2iℓB). At the order
1
k2 the effect of the
interactions is entirely encoded in the combination
〈Tr(Λ2A)PB〉 − 〈Tr(Λ
2
A)〉〈PB〉. However this combina-
tion vanishes unless B = A − 1 or B = A and thus
the Wilson loop receives contributions from the nodes
A− 1, A and A+ 1 (we recall that PB also depends on
ΛB+1). This is similar to what occurs in ABJ theories
with the difference that the node A − 1 and A + 1 are
identified there.
Using known results on the expectation values of
Tr(Λn) and on correlators of traces in the Gaussian ma-
trix model, we finally find
〈W (A)〉 = 1 +
iℓANA
2k
− (42)
−
1
24k2
(4N2A − 3NA−1NA − 3NA+1NA − 1) +O
(
1
k3
)
This expression coincides with the perturbative result
for 1/4 BPS Wilson loop given in (30) dressed with
the phase (35) corresponding to framing 1. With the
help of cohomological relation (36), we can also build
〈W
(A)
ψi
〉 and we find again the same result (32) of the
perturbative computation.
VI. DISCUSSION AND PERSPECTIVES
We have studied the two-loop perturbative behavior
of the 1/2 BPS Wilson loop operators Wψ1 and Wψ2
introduced in [9, 10] in the case of N = 4 Chern-Simons
matter quiver theories with alternating levels.
The Feynman diagram analysis of Section III has
shown that up to two loops the expectation values of
Wψ1 and Wψ2 are coincident and match the prediction
from the perturbative expansion of the matrix model
obtained in Section IV. Remarkably, in the field theory
computation the coincidence between the two Wilson
loops is true not only for the full result but it holds also
for each of the contributing diagrams. At this perturba-
tive order the two Wilson loops share exactly the same
properties. We thus have to go up to three loops to look
for hints of a possible lifting of the degeneracy between
the two classically equivalent 1/2 BPS operators.
Indeed, at three loops some distinctive features in the
perturbative computation arise. First of all, at this or-
der the two Wilson loops start giving different results
at the level of single diagrams. It is easy to find exam-
ples of this behaviour and we provide the simplest one
in Fig 2.
FIG. 2. Example of a three-loop diagram yelding different
results for Wψ1 and Wψ2 .
Evaluating the diagram for the two Wilson loops we
obtain
Wψ2 |Fig.2 = −Wψ1 |Fig.2 (43)
with
Wψ1 |Fig.2 = −
2
k3
N1N2(N
2
1 +N
2
2 + 2)
N1 +N2
I(ǫ) (44)
I(ǫ) =
4
3
Γ
(
− 12 + 3ǫ
) [Γ(12 − ǫ)Γ(1 + ǫ)
(4π)1−ǫΓ(1 + 2ǫ)
]3
−→
ǫ→0
−
1
24π
The extra minus sign in Wψ2 compared to Wψ1 comes
from the different scalar couplings in the two Wilson
loop definitions. This situation is very similar to what
happens for the one-loop fermion exchange contribution
of Section III. However, while in that case the diagram
is eventually discarded because the integral has been
shown to be O(ǫ), in the present case a finite contribu-
tion survives in the ǫ→ 0 limit.
Another source of possible differences might come
from the Yukawa vertices in the potential, which start
contributing at three loops. In fact, while minimal cou-
plings entering up to two loops are diagonal in the
flavour space, Yukawa vertices are in general flavour
changing and the computation might become sensible
to the flavour choice of the spinor insertions on the con-
tour.
Based on these general observations, we expect a dif-
ferent result for a subset of three–loop Feynman dia-
grams and it would be crucial to check if the differences
are compensated when we sum over all the contribu-
tions. If this were the case, the common result of the
two operators should match the three-loop expansion
of the matrix model. Instead, if the differences would
not cancel against each others, and cannot be absorbed
in a change of framing, the prediction from the matrix
model could be matched only by a specific linear com-
bination of the two Wilson loops, as suggested in [10].
A more radical possibility is that no linear combination
satisfies the constraint and therefore the cohomological
equivalence is broken at the quantum level. We will
report on the ongoing three–loop analysis in [19].
Moreover, it would be interesting to understand how
the Wψi operators of the N = 4 models fit in the family
of 1/2 BPS Wilson loops recently introduced [20] for
general N = 2 theories, where a perturbative analysis
such as the one completed in this paper could also be
applied.
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